The purpose of this paper is to introduce a nonlinear scalarisation function for solving a class of implicit vector equilibrium problems. We prove a scalarisation lemma to show the relation between the implicit vector equilibrium problem and the nonlinear scalarisation function. Then we derive some new existence theorems for solutions of implicit vector equilibrium problems, using the scalarisation lemma and the FKKM theorem.
INTRODUCTION
Given a nonempty set A and a scalar bifunction / : A x A -> R -(-oo, oo) with f(x, x) ^ 0 for all x £ A, the scalar equilibrium problem for / is to find x' € A such that
Equilibrium problem f(x',y)~^Q, Vy £ A.
It is well known that the equilibrium problem is closely related to variational inequalities and complementarity problems, and optimisation and control problems as well as problems arising in game theory, mechanics and physics, economics and finance, and operations research, (see, for example, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] and the references therein). Recently, many authors have studied the equilibrium problem in the scalar case (see [5, 6, 13, 17, 19] ). At the same time, this problem has been generalised to the vector case (see [4, 13, 17] ), even to the multivalued [2, 20] and system [1] cases. On the other hand, scalarisation plays an important role in the study of vector equilibrium problems and vector variational inequality problems (see, for example, [9, 10, 14, 15, 16, 23] and the references therein), especially in algorithm design. In 1990, Gerth and Weidner [12] firstly introduced the nonlinear scalarisation method with respect to general domination sets. In 2001, Gong [15] derived the scalarisation results for vector equilibrium problems under an assumption of convexity. Recently, Chen and Yang [10] introduced a nonlinear scalarisation function for a variable domination structure, and this nonlinear scalarisation function was then applied to characterise the weakly nondominated solution of multicriteria decision making problems and the solution of vector variational inequalities.
Let X be a real Hausdorff topological vector space and A" be a nonempty subset of X. Let C : X -)• 2 X be a set-valued mapping such that for each x € X, C(x) is a proper, pointed, closed and convex cone in X. Let C = (~) C(x) with intC ^ 0. For a given x&X vector valued bifunction / : K x K -» X, the non-dominated vector equilibrium problem consists of finding x* € K such that
The point x* € K is called a solution of non-dominated vector equilibrium problem, and we denote by W(f, K) the set of all solutions of non-dominated vector equilibrium problem. In [23] , Wu gave a scalarisation theorem for non-dominated vector equilibrium problem and established existence of solutions employing the famous theorem of Fan, Knoster, Kuratowski and Marzurkiewica (the FKKM theorem) without any assumption of monotonicity.
Let X and Y be real Hausdorff topological vector spaces, K a nonempty subset of X. Let C : X -> 2 Y be a point-to-set mapping such that for any x € X, C(x) is a proper, pointed, closed and convex cone in Y. Let C -f) C(x) with int C ^ 0. xex As is well known, properness means that C(x) ^ Y for any x € X. A nonempty subset P of Y is called a pointed and convex cone in Y if (i) P + P = P; (ii) XP CP for all A > 0 and (iii) F n {-P} = {0}. It is easy to see that C is also a proper, closed and convex cone in Y. In this paper, we consider the following implicit vector equilibrium problem. Given a vector valued function g : K -> K and a vector valued bifunction / :
The point x* £ K is called a solution of implicit vector equilibrium problem, and we denote by S(f, g, K) the set of all solutions of the implicit vector equilibrium problem. Li, Huang and Kim [21] have studied the existence of solutions of implicit vector equilibrium problem without monotonicity and convexity. In [18] , Huang, Li and Thompson gave characterisations of S(f, g, K) under the assumptions of non-monotonicity and weakly C-pseudomonotonicity, respectively.
If g : K -> K is the identity mapping, then the implicit vector equilibrium problem reduces to the vector equilibrium problem, which has been studied by many authors (see, for example, [13] and the references therein). We denote by S(f,K) the set of all solutions of the vector equilibrium problem. If X = Y, then the vector equilibrium problem reduces to the non-dominated vector equilibrium problem non-dominated vector equilibrium problem, which was considered by Wu [23] .
The purpose of this paper is to introduce a nonlinear scalarisation function for solving the implicit vector equilibrium problem. We prove a scalarisation lemma showing the relationship between the implicit vector equilibrium problem and the nonlinear scalarisation function and then derive some new existence theorems of solutions for the implicit vector equilibrium problems by using the scalarisation lemma and the FKKM theorem. This paper is organised as follows. In the next section, we recall some definitions and the FKKM theorem, introduce a nonlinear scalarisation function which is a generalisation of [10] or [12] , and present some important properties of this nonlinear scalarisation function. In Section 3, we first prove a scalarisation lemma to show the relationship between the implicit vector equilibrium problem and the nonlinear scalarisation function, and then derive some new existence theorems for solutions of the implicit vector equilibrium problems using the scalarisation lemma and the FKKM theorem.
PRELIMINARIES
We first recall some definitions. 
The point-to-set mapping W is said to have closed graph in K x Y if, for any (u n ,x n ) G Graph(W) with limits (u*,x*), we have {u*,x*) G Graph(W). '"" In [12] , Gerth and Weidner derived the nonconvex separation theorems for any arbitrary set and any not necessarily convex set in a topological vector space. We now introduce a nonlinear scalarisation function based on Gerth and Weidner as follows: 
If X -Y, then the nonlinear scalarisation function &<> is equivalent to the nonlinear scalarisation function introduced by Chen and Yang [10] .
The following results are very important properties of the nonlinear scalarisation function f fc o, which were originally established by Gerth and Weidner in [12] for general sets. In [10] , a slight modification in the formulation was given by Chen and Yang. 
where dC(x) is topological boundary ofC(x).
PROOF: The proof is similar to the proof of [12] (or [10] ) and so we omit it. D In the next section, we also need the following FKKM theorem. [5]
Implicit vector equilibrium problems 165
In this section, we prove some new existence theorems for solutions of implicit vector equilibrium problems. First we derive a scalarisation lemma via the nonlinear scalarisation function introduced in Section 2. [7] Implicit vector equilibrium problems 167 PROOF: For any given x € K, if <p(x) ^ 0, then let {u n } C tp(x) such that u n -> u*. Then u n e K and 0, VA; 0 G intC.
Since A" is closed, we know that u' € K. By Lemma 2.1 (iii), it follows that
that is,
From assumption (i), we have (u n ,f(g{u n ),x)j ->• fu*,/(5(u*),:r) J. Since
f(g(v?) t x)t-intC(u').
Again by Lemma 2.1 (iii), we obtain and hence u* € <p(x). Thus <p(x) is closed for any x £ K. This completes the proof. Let g be the identity mapping in the proof of Lemma 3.3. From Remark 3.2, we have the following conclusion. D 
